CHAPTER 4. CONTINUITY

For ¢ € Q, let (@n) ey be & sequence in R\ Q with z, — c¢. Since
f(zn) = 0 < f(c), f is not continuous at ¢.

Forc € R\ Q, let (%:—) be a sequence in Q where pn 2nd ¢n

neN
areinN,each&isinlow%tterms,and&—->c.AsinExamp1e

n gn

4-8,qn—>oo.Thusf(&)=qn-+oo=,£0=f(c),andsofisnot

n
continuous at c.

4.3 Limits of Functions

1.

. . 1 1
. Asin Exercise 4.2.5 for f(z) = cos s let zp = pm and yn =

-1 if z<0
Let f@) =43 1| if z>0

has a limit at 0. Since f + g is the constant function 0, and fg is the
constant function —1, both f + g and fg have limits at 0.

and let g = —f. Then neither f nor g

For ¢ € R, let (Tn)nen be a sequence in @\ {c} and {(Yn)nen be 2
sequence in (R\ Q) \ {c} with z, — cand yp — ¢ Then f(zn) — 1
and f(yn) — —1. By Proposition 4.6, l'-IR; f(z) does not exist.

¥ n € N. Then z, — 0 and f(z,) — 1, while yn» — 0 and flyn) — 0.
By Proposition 4.6, ;1_1_?0 f(z) does not exist.

Nextlete >0,let §=¢, and let 0 < |z — 0] < §. Then :ccos%—Ol <

|z| < 6§ =€, and so llﬂ:tl) z cos i— = 0. By the Remark foliowing Example

4.14, g(z) = a:cos% for z # 0 can be continuously extended to 0 by
defining g(0) = 0.

.Let L = E_x_g f(z), and let (Za) N be a sequence in D\ {c} such

that z, — c. By Proposition 4.6 and the paragraph before Example
4.15, f(zp) — L. Since a < f(zn) <PV REN, Theorem 3.3 implies
that ¢ € L < b. Alternatively, one could prove this directly from
Definition 4.3. If L < a, let V be a neighborhood of L lying entirely
to the left of a. By Definition 4.3, 3 a neighborhood U of ¢ such that
ze(UND)\{c}= f(z)e V. Hence,z € UnD)\{c} = flz) <a,
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a contradiction. Therefore, L > a. Similarly, if L > b, let V be a
neighborhood of L lying entirely to the right of 4. As above, 3 a
neighborhood U of ¢ such that z € (UN D)\ {¢} = f(z) € V and so
f(z) > b, a contradiction. Therefore, L < b.

. Using neighborhoods we can do all cases (¢ real or ¢ = +00) at once.

Let V be a neighborhood of L. By Definitions 4.3 and 4.4, 3 neigh-
borhoods U; of c and U; of c such that z € (i ND)\{c} = f(z) eV
and z € (U2 N D)\ {c} = h(z) € V. Then U = U; N is a peigh-
borhood of ¢ and = € (U N D) \ {¢} = both f(z) € V and h(z) € V.
Since f(z) < g(z) £ h(z), z € (UN D)\ {c} = g(x) € V. Therefore,
ilglc g(z) = L. Alternatively, this follows from the Squeeze Theorem for
sequences (Theorem 3.4) by using Proposition 4.6 for c real, and by us-
ing the analogous result to Proposition 4.6 for ¢ = 00 (as mentioned
in the paragraph before Example 4.15).

LetL=ii£Pcf(a:)e]R and let V = (L — 1,L + 1). Then 3 a neighbor-
hood U of ¢ (by Definition 4.3 or 4.4) such that z € (U N D)\ {c} =
f(z) € V, or equivalently, |f(z) — L| < 1. Hence, z € (UN D)\ {c} =
|F (@)l — || < 1f(2) ~ L} <1 and so |f(z)| <1+|L]|.If c € D, then f
is bounded on UND by 1+|L}.If ¢ € D, then f is bounded on UND
by max{1+|L]|,|f(c)I}-

Let L= ’I'_i_ng(z) >0andlet V= (;L zL) Then 3 a neighborhood

U of ¢ such that ¢ € (N D)\ {¢} = f(z) € V, and so f(z) > %L >0.
Let L =E f(z) # 0 and let =3 ﬂ . Then 3 a neighborhood U of ¢
such that z € (UND)\ {c} = |L| - [f(z)| < |L ~ f(z)| < = l l

#a > 2.

Let (Tz),eN be a sequence in D\ {¢} with z, — c. By Exercise 3.7.2,
flzn) = 0 & }(i—)- — 0. By Proposition 4.6 and the analogous
°

, and so

result when ¢ = oo, :]:JEJéf( T) = oo#iliz}:f(x)

Note. For a noncontinuous additive function on R, see Hewitt and



